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Abstract:  The present paper presents a rational expression for the initiation 
of motion for non-cohesive sediment under rough turbulent wave 
conditions. Previously proposed relationships for the initiation of motion are 
examined as well as laboratory measurements corresponding to fully rough 
turbulent boundary layers (which is normally the case under prototype 
conditions). By combining the modified Shields criterion as proposed by 
Bagnold (1963) with the wave friction factor, fw, from Jonsson (1966), an 
easily applied criterion for the threshold velocity for incipient motion under 
rough turbulent conditions. The new relationship is formulated as 

( ) 1/ 0.9

, 10 504 1.1 log /( ) 0.08w cr cr crU T d⎡ ⎤= ϕ ϕ π −⎣ ⎦ . Predictions with the new 

criterion are shown to be in good agreement with measurements over the 
full range of typically encountered engineering conditions.  

 
INTRODUCTION  
The threshold of sediment motion is of central concern in calculating littoral transport 
under wave action. Based on experimental data in steady current, Shields (1936) 
proposed a critical value for the bottom shear stress as a function of the grain Reynolds 
number * * 50 /u dℜ = ν  where * /u = τ ρ  is the friction velocity, τ is the bottom shear 
stress, ρ is the fluid density, ν the kinematic viscosity of the fluid, and d50 is the median 
grain size. He proposed to use a dimensionless shear stress to characterize the threshold 
value for the sediment transport. This dimensionless shear stress is nowadays well-
known as the Shields parameter: 
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where the subscript i may be replaced by c (current related terms) or w (wave related 
terms), f is the friction factor, U is the horizontal near-bottom velocity, s = ρs/ρ is the 
relative density of the sediment, and g the acceleration due to gravity. He found, using 
steady current data (c.f. Fig. 1), that the critical Shields parameter varies from 0.04 to 
0.07 depending on the particular Reynolds number.  
 
For practical applications, the Shields relationship is, however, inconvenient as the 
critical shear velocity appears on both sides. For this reason, many authors (Valembois 
1960; Madsen and Grant 1976; van Rijn 1984; Soulsby 1997) proposed relationships 
between the critical Shields parameter and the dimensionless grain size d* = 
(g(s - 1)/ν2)1/3d50 (see Fig. 1). A simple algebraic expression that fits Shields' curve 
closely was proposed by Soulsby and Whitehouse (1997): 
 

( ), *
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0.24θ 0.055 1 exp 0.02c cr d
d

= + − −⎡ ⎤⎣ ⎦                                   (2) 

 
However, using more recent data, Soulsby (1997) observed much smaller values for θc,cr 
when d* < 2. He thus proposed a modification of Eq. 2(Fig. 1): 
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Fig. 1.  Critical Shields parameter as a function of the dimensionless grain size for 

steady current data (data from Brownlie 1981). 
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It is, however, difficult to define the exact threshold of sediment transport from the 
incipient motion regime where a few particles on the bed surface are seen to be moving 
and the general surface motion which corresponds to a well-defined and reproducible 
transition from occasional motion to general motion of the uppermost particles (Chan et 
al. 1972).  
 
Many authors (van Rijn 1984; Soulsby 1997) also assumed that the results for steady 
currents can be extended to waves, and combined waves and currents using the 
maximum value of the Shields parameter over a wave cycle. However, large 
uncertainties about the critical Shields parameter seem to occur in the case of waves as 
the estimation of the wave-related friction coefficient strongly affects the results. As 
Camenen and Larson (2005) pointed out, the estimation of the critical Shields parameter 
has a significant influence on the bed load flux for low regimes. It is, thus, fundamental 
to provide better estimation of the threshold velocity and the critical Shields parameter 
for the inception of movement. The main objective of this study is to derive a closed 
form solution for the threshold velocity for initiation of sediment motion under 
oscillatory water waves that has a reasonable accuracy and that is easy to use. 
 
ESTIMATION OF THE CRITICAL VELOCITY FOR THE INITIATION OF 
SEDIMENT MOVEMENT 
Background  
A large number of studies (mostly in laboratory) and empirical relationships concerning 
the threshold velocity for sediment motion have been presented in the literature. For 
example, Madsen and Grant (1976) demonstrated that the critical Shields parameter 
together with the non-dimensional parameter 3

* 50( 1) /(4 )S s gd= − ν , give a good 
description of reanalyzed older experimental data, provided that the boundary shear 
stress is related to the wave friction factor, fw, as presented in Jonsson (1966). Like the 
ordinary Shields curve, this modified version is somewhat difficult to use in a practical 
situation. Here, the Shields parameter is based on the maximum value of the boundary 
shear stress during one wave period. Komar and Miller (1975) and Komar (1976) found, 
also using the results of Jonsson (1966), that the threshold condition is well described 
by: 
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where Uw,cr is the maximum near-bottom horizontal velocity and Aw,cr is the water 
particle horizontal amplitude at the bottom according to linear wave theory. For grain 
sizes smaller than 0.5 mm, α =0.21 and β = 0.5, respectively; and for grain sizes greater 
than 0.5 mm the coefficient values are set to α =0.68π and β =0.25, respectively. These 
two expressions are comprehensive and easy to use. There is, however, a discrepancy 
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between the two expressions in the region of small wave periods and grain diameters 
around 0.5 mm. According to the authors themselves, the diagram should not be used in 
this area. Thus, it is not valid for waves and sediment typical for a large number of 
beaches around the world. Hallermeier (1980) proposed a very simple criterion where 
the threshold velocity only depends on sediment diameter and density according to: 
 

( ), 508 1w crU s gd= −                                                        (5) 
 
In the present study it will be shown, after comparison with experimental data, that this 
relationship is too simplistic. In conclusion, for the determination of threshold 
conditions for initiation of sediment motion, there seems to be a choice between more 
"accurate" curves which are somewhat complicated to use and more convenient curves 
which are not valid under typical field conditions.  
 
Chan et al. (1972) investigated the effect of the kinematic viscosity (no significant 
influence found) and the relative particle density on the inception of the sediment 
transport (general movement of the upper layer). Using their own experimental data 
with various particles characteristics and fluid densities, they proposed the following 
empirical relationship, where T is the wave period: 
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Proposed threshold relationship  
Employing the classical definition of the wave friction factor, fw, according to 

2
, ,0.5w cr w w crf Uτ =  together with the definition of the Shields parameter, θw,cr (cf. Eq. 1), 

we can derive: 
( )2

, , 502 1w w cr w cr crf U s gd= θ − ≡ ϕ                                            (7) 
 
In the rough turbulent case, the wave friction factor, fw, is independent of the wave 
Reynold’s number and related to the relative roughness ks/Aw only (Jonsson 1966) as 
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                               (8) 

 
where ks is the Nikuradse roughness height. It is difficult to estimate ks for a rippled and 
duned bottom, but for a plane horizontal bottom of non-cohesive material, it may be 
taken as ks =2d50 (Yalin 1977). It should be noted however that Eq. 8 is not applicable 
for small values of Aw/ks. In order to better fit the data (see below), the original 
formulation of (Jonsson 1966) is slightly modified in this study according to: 
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With Aw = UwT/(2π), Eq. (9) may be combined with Eq. (7) to yield a closed form 
solution of the critical threshold velocity as: 
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                                 (10) 

 
In order to evaluate this proposed Eq. (10), comparisons need to be made against 
experimental results. These will be made in three stages as the threshold velocity 
depends on the determination of the critical Shields parameter value as well as the wave 
friction factor.  
 
COMPARISON AGAINST EXPERIMENTAL DATA  
Wave Friction Factor 
For the wave friction factor, Eq. (9) is plotted against the available data together with 
the proposed formulations of Jonsson (1966), Swart (1974), and Nielsen (1992) in Fig. 
2. As seen from Table 1 (where e.g. P1.2 means percentage of calculated values within a 
factor of 1.2 from the measurements) Eq. (9) and the Nielsen (1992) relationship appear 
to yield the best results among the studied formulas. 
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Fig. 2.  Proposed relationships and measured values for the wave friction factor  
in the rough turbulent regime. 
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Table 1. Calculated measures of accuracy (%) of the calculated wave friction factor. 
 P1.2 P1.5 P2 
Jonsson (1966) 39 74 98 
Swart (1974) 35 74 98 
Nielsen (1992) 42 83 98 
Eq. (9) 44 83 98 

 
Critical Shields Parameter 
As previously discussed, the Shields criterion may be extended to define the threshold of 
sediment motion under oscillatory water waves. Fig. 3 shows threshold data under 
waves together with the proposed expressions for a steady current (Eqs. 2 and 3). It is 
obvious that the data do not support the lines derived from the original Shields curve. 
Based on this result, two new expressions for the critical Shields parameter are proposed 
here. As opposed to the previous estimation based on steady current, it seems that θw,cr is 
not increasing with smaller values of d* when d* < 10 or for larger values of d* when d* 
>100. Also, it seems that larger values of θw,cr are observed for larger values of d* under 
waves compared to the results for steady currents. As a straight-forward approach, a 
representative value on the critical Shields parameter of θw,cr = 0.07 ( based on a best fit) 
independent of grain size is suggested (dash-dot line in Fig. 3). One would suspect, 
however, that the critical Shields parameter for the inception of movement should be a 
function of the dimensionless grain size (cf. Eq. 5). For this reason, a simple relationship 
dependent on grain size (full line in Fig. 3) is also proposed for testing against the data:  

 
 

( ), * *0.08 1 exp 15/ 0.02w cr d dθ = ⎡ − − − ⎤⎣ ⎦                                   (11) 
 
Table 2 examines the accuracy of the predictions within specified limits for the different 
relationships together with the average value and standard deviation of the difference 
ΔUw,cr = Uw,cr,c – Uw,cr,m where Uw,cr,c and Uw,cr,m. are the calculated and measured values 
of the critical Shield parameter values, respectively. The P-values are a direct measure 
of the accuracy of the predictive relationship. A small avg(ΔUw,cr) value indicates that 
the predicted values are evenly spread on either sides of the correct value while a small 
std(ΔUw,cr) value indicates that the predicted values are close together. None of these 
two latter values are, however, a direct measure of accuracy. 
 
Table 2. Calculated measures of accuracy (%) and spreading of the calculated critical 
Shields parameter. 
 P1.2 P1.5 P2 avg(ΔUw,cr) std(ΔUw,cr) 
Soulsby & Whitehouse (1997) 19 51 86 -0.0200 0.0152 
Soulsby (1997) 19 49 82 -0.0208 0.0159 
θw,cr = 0.07 34 73 94 0.0114 0.0171 
Eq. (11) 56 88 99 0.0045 0.0137 

 
As seen from Table 2, Eq. (11) significantly improves the results compared to the other 
relationships. This equation is quite similar in its form to that of Eq. (2) (Soulsby and 
Whitehouse 1997) except that it does not grow for smaller values of d*. The minimum  
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Figure 3: Critical Shields parameter as a function of the dimensionless grain size 
under oscillatory water waves. 

 
value for θw,cr is also observed for a larger d* (d*,min = 40 instead of 20 looking at the 
Shields study). Soulsby (1997) suggested that the average rather than the peak bed shear 
stress may be used in case of waves (and wave and current interaction). Using Eq. (3), 
this would, however, lead to an underestimation of the results for the critical Shields 
parameter prediction The results for the fixed Shields parameter value is doing 
surprisingly well, much better that Soulsby and Whitehouse (1997) or Soulsby (1997). 
While the constant value has no dependency on grain size, the other two seem to be too 
sensitive to the grain size. It appears, thus, that the results for a steady current cannot so 
easily be extended to situations involving waves. 
 
Critical Velocity for Initiation of Motion 
In order to compare Eq. (10) with experimental results, portions of the data from 
Bagnold (1946), Manohar (1955) and Rance and Warren (1968), corresponding to fully 
rough turbulent conditions, as well as the data from Chan et al. (1972) were examined. 
Measured values of the incipient velocities Uw,cr,m are compared to those given by Eq. 
(10) Uw,cr,c , where Shields parameter is given as a constant and by Eq. (11), respectively 
(cf. Tab. 3). In addition, the proposed solution is compared to those of Chan et al. 
(1972), Komar and Miller (1975), and Hallermeier (1980), respectively. Statistically, the 
proposed Eq. (10) using a fixed Shields parameter doing somewhat better than that of 
Komar and Miller and significantly better than that of Chan et al. or Hallermeier. Eq. 
(10) in combination with a varying Shields parameter according to Eq. (11) is not strong 
on the P1.2 level but doing much better on the other two levels. 
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Figure 4: Calculated vs. measured threshold velocities for the initiation of motion under 
oscillatory water waves. Solid line indicates calculated value = measured value. Dashed lines 

indicate values within a factor of 1.5. 
 
Following the work by Chan et al. (1972) and Hallermeier (1980) but using all the 
available data, a simple empirical function for the threshold velocity is proposed (see 
Eq. (12) in Fig. 4 and Table 3):  
 

( ) 1.25 0.75 0.5
, 500.5 1w crU s g d T= ⎡ − ⎤⎣ ⎦                                      (12) 

 
The comparison against the experimental data shows that Eq. (12) yields better results 
than even Eq. (10) with a fixed Shields parameter. Also, it yields much better results 
compared to the other formulas.  
 
Table 3. Calculated measures of accuracy (%)and spreading of the calculated 
threshold velocity for initiation of motion under oscillatory water waves. 
 P1.2 P1.5 P2 avg(ΔUw,cr) std(ΔUw,cr) 
Chan et al. (1972) 28 62 95 0.126 0.107 
Komar & Miller (1975) 62 84 99 -0.010 0.067 
Hallermeier (1980) 50 76 95 0.021 0.097 
Eq. (10) fixed θ= 0.07 65 91 100 -0.024 0.052 
Eq. (10) + Eq. (11) 45 93 98 -0.050 0.046 
Eq. (12) 62 97 100 -0.020 0.049 



   9

0.1
Measured Threshold Velocity, Uw,cr,m (m/s)

0.1

1

C
al

cu
la

te
d 

Th
re

sh
ol

d 
Ve

lo
ci

ty
, U

w
,c

r,c
(m

/s
)

0.18≤d50<0.28
0.28<d50<0.55
0.55<d50<1.5
1.5<d50<2.25

2.25<d50≤8.0

0.02
0.07 0.5

 
 

Fig. 5. Estimation of the threshold velocity; comparison between Eqs. (13)-(15) and 
experimental data. The straight line indicates calculated value = measured value. 

 
Recommended Relationships 
From these results it would be tempting to recommend Eq. (12). However, as the 
threshold velocity and the critical Shields parameter are linked it seems more 
appropriate to use a coherent set of θw,cr and Uw,cr,m that both are in reasonable 
agreement with data.  
Thus, this study leads to the recommendation to use Eq. (11) for θw,cr and then use Eq. 
(10) in combination with Eq. (11) to calculate Uw,cr,m, i.e. 
 

( ), * *0.08 1 exp 15/ 0.02w cr d dθ = ⎡ − − − ⎤⎣ ⎦                                        (13) 
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with 
( ), 502 1cr w cr s gdϕ = θ −                                                       (15) 

 
In Fig. 5, the threshold velocity Uw,cr, estimated from Eqs. (13)-(15) is compared to 
experimental measurements. It shows the very good correlation between the theory and 
the data. It seems, however, that the predictions are slightly underestimated for all grain 
sizes, especially for the coarser particles. 
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Fig. 6. Proposed near-bottom velocities for initiation of motion under rough, turbulent 
oscillatory water waves. 

 
Having gained confidence in Eq. (14) it is now possible to draw proposed "design 
curves" for the threshold velocity for initiation of motion as shown in Fig. 6. For smaller 
grain sizes, the influence of wave period is less pronounced than for coarser sediments. 
 
Critical Wave Height for Initiation of Motion 
With the critical bottom velocity determined by Eq. (10), the corresponding critical 
wave height Hcr at a particular depth hcr may be calculated according to linear wave 
theory as: 
 

, 2sinhw cr cr
cr

U T hH
L
π⎛ ⎞= ⎜ ⎟π ⎝ ⎠

                                              (13) 

 
where L = wave length at depth hcr.  This relation is displayed in non-dimensional form 
in Fig.7. Inversely, this relationship may be solved for the water depth hcr out to which 
sediment will move under a specific wave condition to yield: 
 

2
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w cr w cr
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U T U T
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                                      (14) 
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Fig. 7. Non-dimensional wave height Hc/(Uw,crT) versus non-dimensional water depth 

hc /(gT 2)for the initiation of motion under rough, turbulent oscillatory water waves. 
 

 
CONCLUSIONS  
A study of the threshold velocity and critical Shields parameter has been undertaken for 
rough oscillatory flows. New relationships were proposed for the estimation of the 
critical Shields parameter as well as the threshold velocity for initiation of sedment 
motion under waves (Eqs. 13-15). The expression for the threshold velocity is an easy to 
use criterion for practical evaluation of sediment threshold conditions under rough, 
turbulent field wave conditions. The proposed relation has no ambiguity for any 
applicable grain size or wave period.  
 
The proposed relationship for the threshold velocity has a tendency to underpredict 
measured threshold velocities, especially for coarser grain sizes. These discrepancies are 
mainly caused by factors inherent in this simplified derivation but also due to the 
difficulties in identifying the threshold situation in the laboratory. However, threshold 
velocities in nature are expected, as a result of sloping and rippled bottom, to be lower 
than those measured for plane horizontal bottom in the laboratory. 
 
ACKNOWLEDGMENT  
This work was conducted under the Inlet Modeling System Work Unit of the Coastal 
Inlets Research Program, U.S. Army Corps of Engineers, and partly sponsored by the 
Japanese Society for the Promotion of Science.  



   12

REFERENCES 
Bagnold, R. (1963). “An approach of marine sedimentation,” in 'The Sea', Vol. 3, M.N. 

Hill, Interscience, New York, 507-528.  
Brownlie, W.R. (1981). "Compilation of alluvial channel data: laboratory and field," 

Technical Report KH-R-43B, California Institute of Technology, Passadena, CA, 
U.S.A. 

Camenen, B. and Larson, M. (2005). “A bedload sediment transport formula for the 
nearshore,” Estuarine, Coastal and Shelf Science, 63, 249-260.  

Chan, K., Baird, M., and Round, G.(1972). “Behaviour of beds of dense particles in a 
horizontally oscillating liquid,” Proc. Royal Society of London, A(330), 537-559.  

Hallermeier, R. (1980). “Sand motion initation by water waves: two asymptotes,” J. 
Waterways Harbors Division 106(WW3), 299-318.  

Jensen, B.J. (1989) "Experimental Investigation of Turbulent Oscillatory Boundary 
Layers," Series Paper 45, Inst. of Hydrodynamic and Hydraulic Engineering 
(ISVA), Technical University, Denmark. 

Jonsson, I. (1966). “Wave boundary layers and friction factors,” Proc. 10th Int. Conf. 
Coastal Eng., ASCE, 127-148.  

Jonsson, I.G. and Carlsen, N.A. (1976). "Experimental and Theoretical Investigations in 
an Oscillatory Turbulent Boundary Layer," J. Hydraulic Research, (14), 45-60. 

Kamphuis, J.W. (1975). "Friction Factors Under Oscillatory Waves," J. Waterways, 
Harbors and Coastal Engineering Div., ASCE, (101), 135-144. 

Kemp, P.H. and Simons, R.R. (1982). "The Interaction Between Waves and a Turbulent 
Current: Wave Propagating with the Current," ," J. Fluid Mechanics, (116), 227-250. 

Komar, P. (1976) “Beach processes and sedimentation,” Prentice-Hall, INC., 
Englewood Cliffs, New Jersey. 429 pp.  

Komar, P. and Miller, M. (1975). ”On the comparison of the threshold of sediment 
motion under waves and unidirectional currents with a discussion of the practical 
evaluation of the threshold,” J. Sedimentary Petrology, 45(2), 362-367.  

Madsen, O. and Grant,W. (1976). “Sediment transport in the coastal environment,” 
Technical Report 209, M.I.T., Cambridge, Massachusetts, USA.  

Manohar, M. (1955). “Mechanics of bottom sediment movement due to wave action,” 
Technical Memo 75, Beach Erosion Board, U.S. Army Corps of Engineers, 
Washington, D.C.  

Nielsen, P. (1992). “Coastal bottom boundary layers and sediment transport,” Vol. 4 of 
Advanced Series on Ocean Engineering, World Scientific Publication.  

Rance, P. and Warren, N.(1968). “The threshold of movement of coarse material in 
oscillatory flow,” Proc. 11th Int. Conf. Coastal Eng., ASCE, 487-491.  

Riedel, H.P. (1972). "Direct Measurements of Bed Shear Stress under Waves," Ph.D. 
Thesis, Dept. of Civil Engineering, Queen's University, Kingston, Ontario, Canada. 

Shields, A. (1936). “Anwendung der Änlichkeits-Mechanik und der 
Turbulenzforschung auf die Geschiebe-bewegung,“ Preussische Versuchsanstalt für 
Wasserbau und Schiffbau, 26. Berlin.  

Soulsby, R. (1997). “Dynamics of marine sands, a manual for practical applications,” 
Thomas Telford, ISBN 0-7277-2584, H.R. Wallingford, UK.  



   13

Soulsby, R. and Whitehouse, R. (1997). “Threshold of sediment motion in coastal 
environment,” Proc. Pacific Coasts and Ports '97 Conf', University of Canterbury, 
Christchurch, New Zealand, 149-154.  

Sumer, B.M., Jensen, B.L., and Fredsoe, J. (1987), “Turbulence in oscillatory boundary 
layers.” In: Comte-Bellot G. and Mathieu, Eds., Advances in Turbulence, Springer, 
New York, pp. 556–567. 

Swart, D. H. (1974) "Offshore Sediment transport and Equilibrium Beach Profiles," 
Delft Hydr. Lab. Publ., No. 131, 302 pp. 

Sleath, J.F.A. (1987). "Turbulent Oscillatory Flow over Rough Beds," J. Fluid 
Mechanics, (182), 369-409. 

Valembois, J. (1960), Etude sur modèle du transport littoral –conditions de similitude,” 
Proc. 7th Int. Conf. Coastal Eng., Vol. 1, ASCE, 315-325.  

van Rijn, L. (1984), “Sediment transport ,part I: Bedload transport,” J. Hydraulic 
Division, 110(10), 1431-1456.  

Yalin, M. (1977). “Mechanics of Sediment Transport,” Pergamon Press, Oxford. 2nd 
edition. 


